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Abstract|This pap er presen ts an impro ved timing
algorithm for the analysis of timed Petri nets that is
based on the POSET algorithm. The new algorithm
reduces the num ber of redundan t concurren t order-
ings the POSET algorithm explores by directly consid-
ering causal assignmen ts. This pap er shows that the
new algorithm, when compared to the original POSET
algorithm, results in an average 2.25 times impro ve-
men t in run time and a 57% reduction in stored zones
when applied to a suite of example circuits. Although
the new algorithm can su�er an exp onen tial increase
in the num ber of causal assignmen ts it must consider,
this pap er shows it to be a prop ert y of the POSET al-
gorithm itself that do es not happ en often in practice.

I. Intr oduction

To increaseperformance, circuit designersare experi-
menting with timed circuits|a classof circuits that rely
on a complex set of timing constraints for correct func-
tionalit y [1, 2]. This is evidencedby industrial scaleex-
perimental designs such as the Intel RAPPID instruc-
tion length decoder [3], SUN's GASP pipelines[4], IBM's
IPCMOS pipelines[5], the IBM guTS microprocessor[6],
and the University of Washington output prediction logic
(OPL) 64-bit adder [7]. Although RAPPID, GASP, and
IPCMOS are asynchronous and guTS and OPL are syn-
chronous, all of these designs use formal timing con-
straints to achieve better performance. Algorithms to
check timing constraints are required to make thesetypes
of designspractical. Due to the complexity of the tim-
ing constraints, however, traditional static timing anal-
ysis is not adequate. Timed state spaceexploration is
required; thus, improved timed state spaceexploration is
paramount to producing e�cien t timed circuits.

The addition of time to any method of state spaceex-
ploration, in general,exacerbatesstate explosion. This is
becauseany approach must de�ne a timed state that not
only describes the untimed state of the system (i.e., the
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value of all signals in the circuit) but information indi-
cating the occurrenceof that untimed state in time. A
set of timed states may have a common untimed state
but be unique in their occurrencein time; thus, the time
representation in the timed state now a�ects the size of
the timed state space. A discrete model of time divides
time into a minimum discrete quantum. This bounds the
size of the timed state spacebecausetime is no longer
a contin uous quantit y [8]. This approach lends itself to
symbolic methods to compactly represent the timed state
space[9, 10]. Practical results using discretemethods are
promising as recently shown by [11]. Choosing an ade-
quate time quantum, however, is critical to discrete tim-
ing analysis. If the quantum is too large, then behaviors
of the systemare masked and lost. If the quantum is too
small, then the timed state spaceis too large to manage
[12]. The dependenceon the sizeof the time quantum in
discrete models erodescon�dence in the analysisof com-
plex timing constraints. A masked timing behavior due to
the sizeof the time quantum can lead to an actual timing
failure in an aggressively timed circuit. A more precise
time model is required for circuit analysis.

A contin uous time model doesnot restrict when things
occur. In a contin uous time model, timing information
is often represented by time separations|the amount of
time that elapsesbetweenany two transitions in the cir-
cuit. A set of seeminglyconcurrent transitions in a circuit
may actually be ordered in time due to various combina-
tions of delays. A timed state spacecan be derived by
ordering theseseeminglyconcurrent transitions according
to their time separations. The minimum and maximum
time separationsof transitions in the circuit can be cal-
culated from the structure of the circuit model. These
minimum and maximum separationsare usedto approx-
imate the actual timed state space[13]. This approach
to timing analysis is limited in its scope of application.
Although most circuits have deterministic behavior for a
given set of inputs, their testing environments are often
modeled by random processes. Algorithms to calculate
the minimum and maximum time separationsdo not ade-
quately addressnon-determinism in environment models,
as well as classesof circuits that include arbiters.

Non-determinism can be analyzedin a contin uous time



model by deriving time separationsfrom execution traces
in the circuit. Each explored trace can potentially gener-
ate a unique set of time separationsat each untimed state
of the trace. A set of time separationsat a given untimed
state can be grouped into equivalence classescalled re-
gions [14, 15]. A timed state is created for each unique
regiongeneratedat an untimed state during the trace evo-
lution. A region naturally addressthe contin uous nature
of the timed state spacebut is too small to signi�cantly
reducethe number timed states. Zonesextend regionsby
representing larger equivalenceclassesusing convex hulls
[16]. Thesecan be represented in di�er ence bound matri-
ces (DBMs) [16] sincethey represent allowed separations
in a system,and many e�cien t algorithms have beende-
veloped to manipulate DBMs [17]. DBMs can also be
implicitly represented [18, 19].

A zoneimplicitly represents an allowed execution trace
in the circuit. A di�eren t ordering on a set of concurrent
transitions can lead to a di�eren t zone. This createsan
exponential branching in the timed state space. As the
zone is a partially ordered set relating various transition
times, it is possibleto reducebranching in the timed state
spaceby adding fewer relations to the set. Local time
semantics and partial ly ordered sets (POSETs) remove
orderings in the zone on sets of independent concurrent
signal transitions reducing the representation size of the
timed state space[20, 21, 22, 23, 24, 25].

POSET reduction in the timing analysisof Timed Petri
nets (TPN)|P etri nets with timers on the places|yields
a signi�cant reduction in the number of zonesassociated
with each marking [24]. The algorithm in [24] implements
the POSET reduction on concurrent independent signal
transitions. It explicitly models, however, timers on the
places; thus, it needlesslyconsidersmany redundant or-
derings of �rings of thesetimers [21].

An optimization to the POSET algorithm removes
some redundant orderings of concurrent place timer �r-
ings, but this optimization is limited to speci�c timing
conditions [24]. The work in this paper addressesthis
issue in a general framework by realizing an optimiza-
tion suggestedin [21], but not formalized or implemented,
to remove redundant orderings from the POSET timing
analysisof TPNs regardlessof the timing conditions. This
papers shows that the new algorithm, when compared
to the original POSET algorithm, results in an average
2.25 times improvement in runtime and a 57% reduction
in stored zoneswhen applied to a suite of example cir-
cuits. Although the new algorithm can su�er an expo-
nential increasein the number of causal assignments it
must consider,exampleswith this property appear to be
rare. This is a similar issuethat is a property of the orig-
inal POSET algorithm. The new algorithm, however, is
limited to TPNs that do not contain independent loops.
If a TPN contains an independent loop, then the new
algorithm is divergent in the timed state spacerepresen-
tation. Fortunately, this property seemsto appear in only

contriv ed examples.
The remainder of this paper is organized as follows:

Section I I presents the semantics of timed Petri nets; the
formal model usedto represent systemsin this work. Sec-
tion I I I describes the timing information stored in the
timed state space; it shows that a �nite representation
of the timed state spaceexists for any valid timed Petri
net. Section IV presents the new POSET algorithm; it
demonstratesthat the new algorithm createsa �nite rep-
resentation of the exact timed state spacein the absence
of independent loops in the TPN. Finally, Section V con-
cludesby presenting results, strengths and weaknessesof
the algorithm, and suggestionsfor future work.

I I. Timed Petri nets

A timed Petri net is a �v e-tuple N = hP; T; F; � ; � o i .
P = f p1; p2; : : : ; pm g is a �nite nonempty set of places.
T = f t1; t2; : : : ; tn g is a �nite set of transitions. F � (P �
T)[ (T � P) is the 
ow relation. � : P ! Q+ � (Q+ [f1g )
is a function mapping each p 2 P to a possibly un-
boundeddelay, whereQ+ is the set of non-negative ratio-
nal numbers. For convenience,�( p) = (l ; u) where l � u;
� l (p) = l and � u (p) = u return the lower and upper de-
lay bounds for place p. � o � P is the initial marking of
the net. For any transition t, � t = f p 2 P j (p; t) 2 F g
and t� = f p 2 P j (t; p) 2 F g are the preset and postset
placesof transition t. A marking � is any subsetof P.

A timed state for a net N is a pair � = (�; C), where �
is a marking of N and C : P ! Q + is a timer function.
The initial state � o is (� o; Co) where Co(p) = 0 for all
p 2 � o. For a timed state � = (�; C): let enabled (� ) =
f t 2 T j 8p 2 � t; p 2 � g be the set of enabled transitions
in a given marking (i.e., transitions that have a place in
the marking for each member of their preset); and let
satis�ed (� ) = f p 2 � j C(p) � � l (p)g bethe setof places
in the marking whose timers have achieved their lower
bound. A timed state changecan either be the �ring of a
transition, or it canbethe passageof time. A transition t f

can �re in � = (�; C) if it is enabled (t f 2 enabled (� ))
and satis�ed (8p 2 � t; p 2 satis�ed (� )) in the timed
state. The new timed state � 0 = (� 0; C0) derived from
�ring t f in � = (�; C) is computed as: � 0 = � 00[ t f � where
� 00= (� � � t f ); and 8p 2 � 0, if p 2 � 00, then C0(p) = C(p),
elseC0(p) = 0. Note that transition t f happensinstantly .
A quantit y of time � 2 Q+ can passin state � = (�; C)
i� 8t 2 enabled (� ); 9p 2 � t : C(p) + � � � u (p), meaning
that every enabled transition must be able to accept �
without being forced to �re. Note that a transition can
allow place timers in its preset to expire before it �res,
but it must �re before they all expire. The new timed
state � 0 = (� 0; C0) derived from advancing time by � in
� = (�; C) is computed as: � 0 = � ; and 8p 2 � 0; C0(p) =
C(p) + � .

A run � = � o
x 1! � 1

x 2! � 2 : : : � n � 1
x n! � n is a possibly

in�nite sequenceof timed states (� i ) separatedby timed



transitions|a pair x i = (� i ; t i ) denoting that from the
timed state � i � 1, � i units of time are passed,and then
transition t i is �red leading to the next timed state � i

in the current run. Let � (j ) = � j for 0 � j � n. Let
� = f � 1; � 2; � 3; : : :g be the set of all possibleruns of N .
A state � is reachable i� 9(i; j ) : (� i 2 �) ^ (� i (j ) =
� ). Let � be the set of all reachable timed states in N .
A TPN is said to be one-safe if for any reachable state
� i � 1 = (� i � 1; Ci � 1) and timed transition x i = (� i ; t i ) in
any possible run � 2 �, (� i � 1 � � t j ) \ t j � = ; . The
remainder of this work is restricted to one-safenets.

I I I. Timing Inf orma tion

The setsof reachabletimed states� and possibleruns �
are in�nite becauseeach timer function associatesrational
valueswith the agesof places.To obtain a �nite represen-
tation of the in�nite timed state space,the timed states
are grouped into equivalenceclassesrepresented by a set
of linear inequalities called zones. Let x and y be vari-
ablesand q be a constant rational number, then x � y � q
relates the di�erence betweenx and y to q. An example
of a zonefrom the net fragment shown in Fig.1 is:

I = f 3 � xB � xA � 7; 2 � xC � xA � 5g:

This zonerestricts the separation betweenx A and xB to
the range[3; 7] and the separationbetweenx A and xC to
the range [2; 5]. Any separationsthat are not de�ned in
the zoneareunbounded. If x A , xB , and xC correspond to
the transitions in Fig.1, then the example zone I de�nes
when B and C can occur in time relative to transition A .

If I is a set of de�ned relations for a given zone,
then var (I ) = f x1; x2; : : : ; xn g returns the ordered set
of variables the relations in I are de�ned on. The
function var (I ; t) returns the variable in I that corre-
spondsto transition t, otherwiseit returns NULL. A vector
(a1; a2; : : : ; an ) of rational constants is feasible for zoneI
i� every relation in the zone obtained by replacing x i 2
var (I ) by ai for 1 � i � n holds. A feasible vector for
the example zone is (5; 9; 8): xB � xA = 9 � 5 = 4 and
3 � 4 � 7; xC � xA = 8 � 5 = 3 and 2 � 3 � 5. A
zone is consistent if there exists a feasible vector for it.
A zonehasa canonical form that is obtained by applying
a shortest-path algorithm to its set of linear inequalities.
The canonical form of the examplezoneis

I = f 3 � xB � xA � 7;
2 � xC � xA � 5;
� 2 � xB � xC � 5 g:

The canonical form of the examplezoneresticts the sep-
aration betweenC and B to be in the [� 2; 5] range. This
means that B cannot occur more than 5 time units af-
ter C; and C cannot occur more than 2 time units after
B . To check that a zone is consistent, it is �rst put in
a canonical form. If a negative weight cycle exists in the
canonical form, then the zoneis inconsistent.

A
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D E

[2,10]

[2,5]

[1,2]
[6,10]

[3,7]
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p5p3 p4

p1

Fig. 1. A fragment of a simple TPN.

IV. Impr oved POSET Algorithm

The POSET algorithm can best be understood by ex-
ample. In a traditional total order zonebasedmethod, the
timed state can be represented using a set of inequalities
showing the time separationsbetween the place timers.
For example, the timed state of the net in Fig.1 after
transition A has �red is

� = f p1; p2 g
I = f 0 � p1 � p0 � 5;

0 � p2 � p0 � 5;
0 � p1 � p2 � 0 g

The dummy variable p0 is used as a referencepoint. All
place timers are de�ned relative to the referencepoint p0.

From this point, the total order algorithm considersthe
�ring of either place p1 or p2. This is becauseI allows
these timers to �re in either order. Consider the �ring
of p1. This causestransition B to �re. The �ring of B
removesp1 from the marking, and adds the new placep3.
The relations de�ned for p1 must alsobe removed from I p

while new relations are added for p3 to I p. The relations
added to I p for p3 are as follows: �rst, the relative time
of p2 and p0 is adjusted to show that at least 3 time units
have passedto allow B to �re (i.e., f 3 � p2 � p0 � 5g);
second,f 0 � p3 � p0 � 2g is added to set the bounds for
the new place; and third, the separation betweenp2 and
p3 can be determined by copying the separation between
p2 and p0 (i.e., f 3 � p2 � p3 � 5g). The resulting timed
state is shown below:

� = f p2; p3 g
I = f 3 � p2 � p0 � 5;

0 � p3 � p0 � 2;
3 � p2 � p3 � 5 g

In this state, either p2 can �re or p3 can �re sincethey
can both be satis�ed in this timed state. If p2 �res, p4

and p5 are added to the marking and to I is updated to



obtain the new timed state of the system:

� = f p3; p4; p5 g
I = f 0 � p3 � p0 � 2;

0 � p4 � p0 � 2;
0 � t5 � p0 � 2;

� 2 � p4 � p3 � 0 g
� 2 � p5 � p3 � 0 g
0 � p5 � p5 � 0 g

When the algorithm goesback and �res p2 �rst followed
by p1, the following timed state is derived for the same
marking.

� = f p3; p4; p5 g
I = f 0 � p3 � p0 � 2;

0 � p4 � p0 � 5;
0 � t5 � p0 � 5;
0 � p4 � p3 � 5 g
0 � p5 � p3 � 5 g
0 � p5 � p4 � 0 g

Let us now considerthe POSET algorithm described in
[24]. This algorithm operateson two zonesto determine
the state of the TPN: one contains place timer separa-
tions (I p) and the other contains transition separations
(I t ). The initial timed state of the net in Fig.1 is nearly
the sameexcept I p = I and I t = ; . The zoneI t is empty,
becausethere are no transitions to de�ne relative to tran-
sition A .

The �ring of p1 causestransition B to �re. B is added
to I t by de�ning its �ring time relative to A : f 3 � x B �
xA � 7g. Again, newrelations areaddedfor p3 to I p. The
�rst two are the same,but the last one is now computed
from I t to be f 3 � p2 � p3 � 7g which denotes that p2

is at least 3 time units ahead of p3 and no more than
7 time units ahead. Now, the two zones are put into
cananical form to tighten down all relations resulting in
the following timed state:

� = f p2; p3 g
I p = f 3 � p2 � p0 � 5;

0 � p3 � p0 � 2;
3 � p2 � p3 � 5 g

I t = f 3 � x B � xA � 7 g:

Note that so far I p is still equal to I .

When p2 �res, the transition C is added to I t . This is
done by de�ning its separationsrelative to A . I t is then
put into canonical form and all relations relating it to A
can now be removed from I t becauseA is not required by
the new marking. p4 and p5 arealsoaddedto the marking

and to I p to create the new timed state of the system:

� = f p3; p4; p5 g
I p = f 0 � p3 � p0 � 7;

0 � p4 � p0 � 7;
0 � t5 � p0 � 2;

� 2 � p4 � p3 � 5 g
� 2 � p5 � p3 � 5 g
0 � p5 � p4 � 0 g

I t = f � 2 � x B � xC � 5 g:

In this case,I p is not equal to I . Instead, it is equal to the
union of the two I 's found by two possibleinterleavings to
obtain this marking. The reasonis this equivalenceclass
doesnot include any explicit relations ordering transitions
B and C. Although the algorithm �red B beforeit �red C,
this information hasbeendiscardedwhen the timed state
is derived for the marking shown in Fig.1. Note that this
doesnot allow any new timed states that do not already
exist in the allowable runs of the net; thus, the larger
equivalenceclasscontains more timed states from the set
of reachable states reducing the number of equivalences
classesneededto represent the timed state space.This is
the essenceof the POSET algorithm in [22, 23, 24, 25].

This algorithm though has a couple sourcesof ine�-
ciency. The �rst is the need to maintain two separate
zones.The secondis that operating on placetransition �r-
ingscansubstantially increasethe number of zonesneeded
to represent the timed state space. This secondproblem
can be illustrated using the example shown in Fig.2. In
this example, the transition D is enabled by places p1,
p2, and p3. Each place has a timer that is reset when it
receives a token and expires when it reaches the upper
time bound on its place. Assumethat the placesp1, p2,
and p3 all receive their tokensat the sametime and have
their timers reset. In this case,the algorithm exploresin
a total order the expiration of timers on the places p1,
p2, and p3 to determine the time separationsbetweenD
and its enabling transitions A , B , and C [24]. Although
the algorithm does not order A , B , and C in any tim-
ing information, it does explore the following orders of
timer �rings to potentially create separate timed states
for each �ring order: f (p2; p3; p1), (p3; p2; p1), (p1; p3; p2),
(p3; p1; p2), (p1; p2; p3), (p2; p1; p3)g. The (p2; p3; p1) or-
der is redundant with the (p3; p2; p1) order becauseboth
orders determine the separation of D from its enabling
transitions basedon the causal assignmentof the p1 timer
(i.e., the �ring p1 setsthe upper bound on when D �res).
In this case,half of the explored orders are redundant;
thus, the performance of the algorithm degradesas the
number of active concurrent place timers increases.

The goal of the POSET algorithm is to avoid relating
independent concurrent transitions in the net. The equiv-
alence classesthat it stores in the �nite representation
of the timed state space,however, are constructed from
orderings of place timer �rings. The POSET algorithm
usesplace timer �rings to �nd causal assignments; thus,
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Fig. 2. A simple TPN to show redundant interleavings.

it explorestimer �rings in a total order. In the example
in Fig.2, the POSET algorithm exploressix orderings of
timer �rings with half of thoseorderingsbeing redundant
becausethey do not lead to new causalassignments. This
causesan increasein the sizeof the timed state spacerep-
resentation becausemore equivalenceclassesare required
to cover all reachable states. Recall that the POSET al-
gorithm usesa place timer zone to represent the timed
state space,and it usesa transition zoneto remove orders
on timers in the place timer zone construction. When a
transition �res, both zonesare updated. Betweentransi-
tion �rings, however, new placetimer zonesare generated
and stored in the timed state space;thus, the algorithm's
performanceis degraded. The timed state spaceis larger
than it needsto be, and runtime is impacted by exploring
the redundant orderings.

An optimization to the POSET algorithm only stores
clock regions when transitions �re. The clock regions
generated in exploring the total orders between transi-
tion �rings are discarded. They are only used to de-
termine causality. This optimization does improve the
timed state spacerepresenation,but our experiments have
shown that it doesnot improve the runtime performance.
Another optimization to the POSET algorithm removes
some redundant orderings of concurrent place timer �r-
ings, but this optimization is limited to speci�c timing
conditions [24]. The algorithm presented here| bourne
again POSET timing analysis (BAP)|addresses this is-
sue in a general framework by realizing an optimization
suggestedin [21] to remove redundant orderingsfrom the
POSET timing analysisof TPNs regardlessof the timing
conditions. This optimization reducesthe representation
size of the timed state spaceby covering the reachable
timed states with fewer equivalenceclasses.Another ad-
vantage of this algorithm is that it represents the timed
state spaceusing a single zone.

Beforepresenting the BAP algorithm, it is necessaryto
de�ne the functions in the algorithm which are illustrated
using the example net shown in Fig.1. For the marking
in Fig.1, the latest time of D allowed by the net can be
de�ned relative to the time of B or C. Transition B is
causal to D if the latest time of transition D is de�ned
relative to B in the equivalence class. Thus, any tran-

sition t may have several causality assignments. Let the
function causal (� ) return the setof causality assignments
for the transitions in enabled (� ) = (t1; t2; : : : ; tn ). Each
member of the set causal (� ) hasthe form (u1; u2; : : : ; un )
where each ui is the causalassignment for t i in the set of
enabled transitions. Note that there can be an exponen-
tial number of causal assignments for any given set of
enabledtransitions.

Let enabling (�; I ; t) = f te 2 T j (9p 2 � t; p 2
� ) ^ var (I ; te) 6= NULLg be the set of enabling transi-
tions for t. The zone I is used in enabling (�; I ; t) to
identify those transitions that �red to create the mark-
ing � . If a set of transitions load a single place, then
only one of those transitions could have �red for the
net to be one-safe. I is used to identify that transi-
tion. For the marking in Fig.1 and a zone I where
var (I ) = f xB ; xC g, enabling (�; I ; D ) = f B ; Cg. Let
� l (t; t0) = max p2 t �\� t 0� l (p) if t � \ � t0 6= ; otherwise
it equals1 . This function returns the minimum separa-
tion allowed betweentransitions t and t 0. This separation
is unbounded if t and t0 are not connected by a place;
� u (t; t0) is de�ned similarly. For sc = (�; I ) where� is the
marking in Fig.1, transition D cannot happen before p3

and p4 are satis�ed; thus, the delays for p3 and p4 de�ne
minimum time separations between D and its enabling
transitions B and C. These time separationsare de�ned
as � l (B ; D ) = 1 and � l (C; D ) = 6. A maximum time
separationbetweenD and its enabling transitions B and
C is de�ned by either p3 or p4 depending on the causal
assignment. This separation can be either � u (B ; D ) = 2
or � u (C; D ) = 10.

The minimum separations between an enabled tran-
sition and its enabling transitions are speci�ed in an
equivalence class by the function lower(�; I ; t f ) = I [
f (var (I ; t f ) � var (I ; te) � � l (te; t f ))g for all te 2
enabling (�; I ; t f ). lower(�; I ; t f ), intuitiv ely, returns
a zone I 0 that when used in an equivalence class s0

c =
(� 0; I 0), where � 0 is the marking generated from �ring
t f in � , accepts timed states from runs that satisfy the
minimum time speparations between t f and its enabling
transitions. A maximum separation between an enabled
transition and one of its enabling transitions|the causal
assignment|is de�ned in I as follows: if te is the causal
assignment for t f , then the algorithm must restrict the
maximum time separation between t f and te to be the
upper bound from the place connecting t f and te (i.e.,
I 0 = I 0 [ f var (I ; t f ) � var (I ; te) � � u (te; t f )g). An
equivalence class s0

c = (� 0; I 0) created from sc = (�; I )
by �ring t f in � to obtain � 0 with I 0 = lower(�; I ; t f ) [
f var (I ; t f ) � var (I ; te) � � u (te; t f )g now only covers
timed states in runs that satisfy the minimum time sepa-
rations betweent f and its enabling transitions, as well as
the maximum time separation betweent f and te.

The setsof allowed traces � and reachable states� can
be generated by �ring enabled transitions and evolving
consistent equivalence classesfrom an initial state in a



depth �rst order. Care must be taken, however, to order
transition �rings according to their allowed separations
in the current equivalence class, otherwise unreachable
timed states and runs can be introduced into � and �.
An unreachable run and timed state are introduced into
� and � by an equivalenceclasswhen a transition is �red
from a set of seemingly concurrent enabled transitions
that is actually totally ordered through a combination
of delays to always occur after other enabledtransitions.
Let can �re (�; I ; t) return true if there exists a causal
assignment u 2 causal (� ) to create a consistent equiva-
lence class that allows t to �re before all other enabled
transitions. This can be checked by �rst creating a zone
I that includes the minimum separationsfor all enabled
transitions: 8t f 2 enabled(� ), I = I [ lower(�; I ; t f ). The
maximum separationsin I are set accordingto the causal
assignment u. If the zoneis consistent, then t can �re �rst
in sc = (�; I ) i� all paths from other enabledtransitions in
� to t have a positive weight in the zoneI . The function
�reable (�; I ) = f t 2 enabled (� ) j can �re (�; I ; t) =
trueg returns the set of transitions that can concurrently
�re from (�; I ). Finally, delete (I ; � ) removesfrom I any
variables associated with transitions that are no longer
found in enabling (�; I ; t) for any t in enabled (� ).

The BAP timing analysisalgorithm is presented in Al-
gorithm 1. The idea of the BAP algorithm is to deter-
mine valid causalassigments using the separationsin the
equivalence class rather than exploring a total order on
place timer �rings. In this sense,the algorithm no longer
considersplacetimer �rings directly. The BAP algorithm
simply tests causalassignments using the timing informa-
tion. If an assignment is valid, then it usesit to evolve a
new equivalenceclass.

The function of the algorithm is best illustrated by
example. Suppose that transition A just happened in
the net shown in Fig.1; thus, the marking is de�ned as
� = f p1; p2g, and the zone I = ; with var (I ) = xA . I
contains no relations becausethere is nothing to de�ne
relative to A in this marking. The set of �reable tran-
sitions is computed by adding transitions B and C to I
with there allowed separations. BecauseA is the only
causal assignment, a single consistent zone is generated:
I = f� 2 � xB � xC � 5g This zone allows B and C
to happen in any order; thus, �reable (�; I ) = f B ; Cg.
If stack = ((( �; I ); B ); (( �; I ); C)) at the start of the
while loop, then the function stack:pop() sets t f = B .
The new marking � 0 is computed by letting t f happen:
� 0 = f p2; p3g. The function lower(�; I ; t f ) constrains the
minimum separationbetweenA and B to be greater than
3. As enabling (�; I ; t f ) = f Ag, I 0 = f (xB � xA � 3)g
after calling the function lower(�; I ; t f ). The transition
A is the only causalassignment for B , so (x B � xA � 7)
is added to I 0 giving I 0 = f 3 � xB � xA � 7g. Since
all transitions are neededfor future �rings, I n = I 0 after
calling the function delete (I 0; � 0). I 0 is consistent and
I n is not found in the representation of the timed state

Algorithm 1 Find (�,�) for N = f P; T; F; � ; � og
� = f (� o; I o)g � = ; stack = ;
for all t 2 �r eable(� o; I o) do

stack:push(( � o; I o); t)
end for
while stack:empty() 6= true do

(( �; I ); t f ) = stack:pop()
� 0 = (� � � t f ) [ t f �
for all te 2 enabling(�; I ; t f ) do

I 0 = lower(�; I ; t f )
I 0 = I 0 [ f (var (I 0; t f ) � var (I 0; te) � � u (te; t f ))g
I n = delete(I 0; � 0)
if consistent(I 0) = true ^ (� 0; I n ) 62� then

� = � [ f (� 0; I n )g
� = � [ f (( �; I ); t f ; (� 0; I n ))g
for all t 2 �r eable(� 0; I n ) do

stack:push(( � 0; I n ); t)
end for

end if
end for

end while

space,so (�; I n ) is added to � with an appropriate edge
added to �. The function �reable (� 0; I n ) = f Cg for this
zone,sowhenthe function returns back to the while loop,
stack = ((( � 0; I n ); C); (( �; I ); C)) . At this point, the al-
gorithm loops back and pops an entry of the stack to set
� = f p2; p3g, I = f 3 � xB � xA � 7g, and t f = C. From
this point, it computesa new zonef� 2 � xB � xC � 5g.
Notice that to this point that the algorithm is similar to
the original POSET algorithm except that I p is no longer
used. At this point, transitions D and E are both �re-
able. Let us consider�ring D . From this point BAP will
generatetwo equivalenceclasses:

I B = f 6 � xD � xC � 7g

I C = f 6 � xD � xC � 10g;

where the subscripts denote the causalassignments used
to generatethe zones. In this class,only I C is stored in
� becauseit includes more timed states than I D . In this
manner, the algorithm contin uesuntil the stack is empty.

If this algorithm is applied to the example shown in
Fig.2, it would directly generatethree zones,one for each
potential causalassignment, rather than considersix pos-
sible orderingsof place�rings. The result is that the num-
ber of zonesneededto represent the timed state spaceis
cut in half. When there is larger numbers of enabling
transitions to the transition being �red, the improvement
is even more pronounced.

The following theorem can be proven for the BAP al-
gorithm. Proof is omitted due to spacelimitations.

Theorem 1 For a givenone-safenet N : the set of reach-
able markings found by BAP is equivalent to the set of
reachablemarkings allowed by N .
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V. Resul ts and Conclusion

The improved POSET timing analysisalgorithm, BAP,
hasbeenimplemented in the CAD tool ATACSusingC++.
The algorithm runs correctly on a test suite of 149exam-
ples, 83 of which have measurableruntimes on a Pentium
II I processorwith 256MB of memory. For the 83 exam-
ples with measurableruntimes, the BAP algorithm im-
proved runtime 2.25 times on averageover the POSET
algorithm presented in [24, 25]. In addition, BAP rep-
resents an equivalent timed state spaceusing 57% fewer
zonesresulting in a signi�cant reduction in memory.

Fig.3 presents the runtimes of both the BAP and
POSET algorithms for various stagesof STARI bu�ers.
A STARI bu�er enablescommunication between 2 syn-
chronous systemsoperating at the sameclock frequency
but with each system seeing some di�eren t amount of
clock skew; thus, the 2 systemsare out-of-phasewith re-
spect to one another [26]. In timed COSPAN, it is re-
ported that a 3 stagegate-level STARI bu�er ran out of
memory during state spaceexploration [15]. Work in [27],
however, is able to verify an abstract model of an 8 stage
STARI in 1.67 hours. Fig.3 shows that a 3 stage gate-
level STARI bu�er is analyzed in 0.04 secondsfor both
the BAP and POSET algorithms. The POSET algorithm
veri�es an 11 stage STARI bu�er in 519.12seconds.On
the samebu�er, The BAP algorithm runs in 67.5seconds
yielding a 7.7 times improvement over the POSET algo-
rithm. This improvement is largely due to the fact that
the BAP algorithm �nds the equivalent timed state space
using 40% fewer zones. Although the POSET algorithm
exhaustsmemory for a 12 stageSTARI bu�er, the BAP
algorithm completesin 24 minutes.

Fig.4 presents runtimes for the BAP and POSET al-
gorithms run on various sizesof TAG units. The TAG
unit is a circuit in the Intel RAPPID instruction length
decoder. It is instrumental to the decoder's improvedper-

formance [3]. The function of the TAG unit is to receive
an incoming pulse on a set of inputs indicating that it is
at the beginning of the next instruction. When the TAG
unit receivesan incoming pulse, it looks at the length of
its decoded instruction, and then generatesa pulse to the
TAG unit at the beginning of the next instruction ac-
cording to the received length. The sizeof the TAG unit
denotesthe number of di�eren t units that send it a tag,
as well as the number of units that it can forward that
tag to. The RAPPID design is basedon a TAG unit of
size7. For performancecomparison,the TAG unit is ex-
tended to larger sizes.From Fig.4, the POSET algorithm
evaluates a size 13 TAG unit in 343 seconds. The BAP
algorithm runs in 86 secondson the samesizeTAG unit.
Although the POSET algorithm exhausts memory on a
TAG unit of size 14, the BAP algorithm completeson a
TAG unit of size28 in 59 minutes.

Although the BAP algorithm improvesin runtime and
zone count over the POSET algorithm for many bench-
marks, it does lose in certain examples. If an example
contains an independent loop (i.e., a sequenceof transi-
tions that are completely independent of the other tran-
sitions in the system), then the state spaceexploration
in the BAP algorithm does not converge. This is due
to the fact that the time separationsbetweentransitions
in the independent loop and the remainder of the sys-
tem grow unbounded in the POSET; thus, an isomor-
phic zone at any given untimed state is never found in
the exploration. Fortunately, this property has only been
found in contriv ed examples. The next issuerelates the
potential exponential explosion in the number of causal
assignments that must be evaluated for a given set of en-
abled transitions. The POSET algorithm never considers
inconsistent causal assignments becauseit explicitly ex-
plores all allowed orderings of place �rings. The BAP al-
gorithm, however, doesnot explicitly explore place �ring
orders; thus, it must considerall causalassignments for a
given set of enabledtransitions to discover the transitions
that can �re. In certain examples, many of the causal
assignments the BAP algorithm considersare found to be
inconsistent. This adversely a�ects the BAP algorithms
runtime in 6 of the 149 examples. The degredation is
signi�cant in an extreme caseexamplewhere 99% of the
causalassignments are inconsistent. For this example,the
POSET algorithm runs 40 times faster than the BAP al-
gorithm. While the BAP algorithm doesnot improve the
complexity of timed state spaceexploration, it movesthe
complexity to a location whereit impacts peformanceless
often.

Future work for this research is found in several ar-
eas. Relating to performance, determining if a causal
con�guration is inconsistent currently requires the appli-
cation of a modi�ed shortest-path algorithm with com-
plexity O(n2). This is costly in certain examples that
considermany inconsistent causalassignments. Research
to avoid generating inconsistent causal assignments, as
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well as approximating the �reable set may signi�cantly
increasethe runtime performance of BAP. The current
version of BAP doesnot directly support gate level mod-
els of circuits; thus, it is limited in the scope of its appli-
cation. Timed event/level structures (TELs) are a more
natural model for circuits [25]. Extending BAP to support
TELs or other circuit models will make it directly appli-
cable to many circuits. Partial order reduction has been
successfullyapplied to further improve timed state space
exploration [28, 29, 20, 21]. This technique considersa
restricted ordering of concurrent independent transitions
in a circuit. The work presented here can be extended
to support partial order reduction. Other work of inter-
est includes: adding in correlation to model on-chip delay
variations; introducing an inertial delay model into BAP
to handle allowable glitching; and creating heuristics that
only explorea portion of the timed state spaceif an error
is �rst found in the untimed state space.
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