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Abstract— With the aid of model abstractions, biochemical
networks can be analyzed at different levels of resolution:
from low-level quantitative models to high-level qualitative ones.
Furthermore, an ability to change the level of abstraction can be
very useful when dealing with many biological systems, including
gene regulatory networks. These systems typically have toomany
components and states to be practically studied using all-inclusive
low-level models, yet they often manifest enough dynamicaland
functional complexity, making an entirely high-level qualitative
representation similarly inadequate — thus necessitatinga search
for some intermediate level of abstraction. Finally, whilemost
abstractions used in modeling of biochemical networks have
traditionally been performed manually, doing so accurately in
a large system is a tedious and time-consuming process that
is highly susceptible to errors during model transformation. To
address these issues, we have developed a methodology and
implemented an automated modeling and analysis tool with
variable abstraction level capabilities. In this paper, weuse it for
the analysis of switching in Type 1 pili expression dynamicsand,
in particular, for the problem of estimating the effect of H-NS and
Lrp regulatory protein levels on phase variation rates in E. coli.
Such behavior is notoriously dif�cult to study due to the size of
the associated gene regulatory network and the characteristically
stochastic dynamics involved, which result in very high analytical
and computational demands. Here, we show how, by using our
system, we are able to automatically abstract the switch network
and accurately predict E. coli a�mbriation rates, while, at the
same time, accelerating the required computations by up to two
orders of magnitude.

I. I NTRODUCTION

Type 1 pili are the foremost virulence factor in Uropathic
E. coli, which is believed to be responsible for 70-90 percent
of urinary tract infections [1]. The pili are1-2� m long and
7nm-thick helical rods with a3nm-wide tip, which contains
two adapter proteins and adhesins capable of mediatingE. coli
attachment to the mannose-containing receptors found on the
surface of many host tissue cells [1], [2]. Type 1 pili are
thus thought to aid the infection and colonization process by
enhancing the ability ofE. coli to stick to host cells and by
thus enabling them to colonize the bladder. However, while pili
provide a means for infection, there are some disadvantages

This material is based upon work supported by the National Science
Foundation under Grant No. 0331270.

for E. coli in being piliated. For example, a highly piliated
population leads to preferential activation of the host immune
system, which can rapidly clear the infection. In addition,the
expression of pili also makes it harder forE. coli to divide.

The expression of Type 1 pili inE. coli is phase variable [3],
with cells randomly switching between �mbriate (ON) and
a�mbriate (OFF) phases. Phase variation of Type 1 �mbriae
is mediated by the inversion of a 314bp chromosomal region
located upstream of�mA, the gene encoding the structural
pili subunit [4]. This DNA inversion requires eitherFimB or
FimE site-speci�c recombinases that differ in both speci�city
and activity. WhereasFimB promotes recombination with
little orientational bias,FimE promotes recombination largely
in the ON-to-OFF direction [2], [5]. Experimental results also
indicate that the total ON-to-OFF switching rate is much faster
than �mB -promoted switching rate alone [1].

Figure 1 shows the genetic circuit controlling Type 1 pili
expression. Genes�mA to �mH are transcribed only when
the �m switch is in the ON position. The�m switch can be
inverted by recombinasesFimB and FimE when they are
bound to the four adjacent half-sites with probability rates
regulated by the levels of other proteins in the network. Thus,
the dynamics ofE. coli phase variation is manifestly discrete
and stochastic, and cannot be accurately modeled by any of
the classical continuous and deterministic methods.

Global regulator proteinsLrp, H-NS, and IHF also play
important roles in phase variation by, among other things, act-
ing as sensors of the environmental conditions. For example,
Lrp binds to the 3Lrp -sites and changes�m switching rates.
As the concentration ofLrp increases with temperature, it
correspondingly communicates this parameter to the piliation
decision switch. Analogously, the concentration or the activity
of H-NS is temperature and medium dependent. It has been
shown thatH-NS binds to the regions that contain the�mB and
�mE promoters [7] and represses the transcriptions of�mB and
�mE [8]. As the temperature increases, the effect ofH-NS on
the repression of�mB transcription increases, which leads to
a decrease in the concentration ofFimB and a corresponding
decrease in the �mbriate phase of the population. This is
not unexpected as the ambient temperature elevation may



Fig. 1. Type 1 pili genetic regulatory network (courtesy of [1]). Structural pili subunits are encoded by�mA and are transcribed only when the�m switch
is in the ON position. RecombinasesFimB and FimE bind the four adjacent half-sites and invert the switch withdifferent rates.FimE is strongly biased
in the ON-to-OFF direction, whileFimB is close to fair. ProteinsH-NS andLrp regulate the recombinases in a temperature-dependent manner, with H-NS
acting as a repressor. It has been further proposed thatIHF is needed for any observable phase variation as it plays a structural role during switching via the
ability to introduce sharp bends into the DNA [6].

correspond to an increase in immune system activity, which is
more sensitive to piliated cells. The main question of interest
here is thus: how doesE. coli sense environmental changes
and control its piliation levels?

This paper examines howE. coli phase switch is controlled
by the global regulators. Such behavior is notoriously dif�cult
to study using an all-inclusive, low-level model due to the
size of the associated gene regulatory network and the charac-
teristically stochastic dynamics involved, which result in very
high analytical and computational demands. On the other hand,
this type of system often manifests too much dynamical and
functional complexity so that rendering it in an entirely high-
level qualitative representation becomes similarly inadequate.

To address these issues, we have developed a generalized
model abstraction methodology and implemented a modeling
and analysis tool at variable abstraction level capabilities. Our
approach enables one to generate models with multiple levels
of abstraction—including intermediate levels of abstraction
that may well be suited for an ef�cient quantitative analysis
of a large system—easily and accurately, and to accordingly
analyze systems such as Type 1 pili expression inE. coli
more promptly and ef�ciently by making the process system-
atic and automatic [9]. This paper �rst considers a detailed
mathematical model of Type 1 pili phase variation, and then
demonstrates how our model abstraction approach can help
analyze the effect ofLrp andH-NS levels in the ON-to-OFF
switching probability of Type 1 pili expression.

II. WOLF AND ARKIN ' S COMPUTATIONAL MODEL

Numerous methods have been proposed for modeling ge-
netic regulatory networks [10], [11]. While many traditional
approaches have relied on some differential equation rep-
resentation inferred from the set of underlying biochemical
reactions, there has been a growing appreciation of their
limitations [12], [13], [14], [15]. In particular, differential
equation analysis of genetic networks generally assumes that
the number of molecules in a cell is high and their con-
centrations can be viewed as continuous quantities with the
underlying reactions occurring deterministically. However, in
natural genetic networks, these assumptions frequently do
not hold. For example, DNA molecules are typically present
in single digit quantities while some promoters can lead to
substantial �uctuations in transcription/translation rates and
essentially non-deterministic expression characteristics [16],
[17]. In these situations, accurate genetic regulatory network
modeling requires the use of a discrete and stochastic process
description usually encapsulated in themaster equation for-
malism[18]. This approach describes well-stirred biochemical
systems at the individual reaction level by exactly tracking
the quantities of each molecular species and by treating each
reaction as a separate random event. It further allows the
exact discrete-stochastic simulation of system behavior via
Gillespie's Stochastic Simulation Algorithm(SSA) [19].

Wolf and Arkin have previously demonstrated the impor-
tance of stochasticity in the�m system. They used a four-state



TABLE I

STATE TABLE OF �m SWITCH DNA BINDING (COURTESY OF[1]).

State PIHF PFimE/B Lrp-A Lrp-3 � G � n j k m l
1/9 - - - - 0 0 0 0 0 0 0
2/10 IHF - - - � G2 0 1 0 0 0 0
3/11 IHF FimE - - � G3 / � G7 � 1 / � 4 1 0 1 0 0
4/12 IHF FimB - - � G4 / � G8 � 2 / � 3 1 1 0 0 0
5/13 IHF FimE Lrp � - � G31a / � G71a � 11a / � 41a 1 0 1 2 0
6/14 IHF FimE Lrp � Lrp � G31b / � G71b � 11b / � 41b 1 0 1 2 1
7/15 IHF FimB Lrp � - � G41a / � G81a � 21a / � 31a 1 1 0 2 0
8/16 IHF FimB Lrp � Lrp � G41b / � G81b � 21b / � 31b 1 1 0 2 1
17/27 - FimE - - � G33 / � G77 0 0 0 1 0 0
18/28 - FimB - - � G44 / � G88 0 0 1 0 0 0
19/29 - FimE Lrp � - � G331 a / � G771 a 0 0 0 1 2 0
20/30 - FimE Lrp � Lrp � G331 b / � G771 b 0 0 0 1 2 1
21/31 - FimB Lrp � - � G441 a / � G881 a 0 0 1 0 2 0
22/32 - FimB Lrp � Lrp � G441 b / � G881 b 0 0 1 0 2 1
23/33 - - Lrp � - � G3a / � G7a 0 0 0 0 2 0
24/34 - - Lrp � Lrp � G33a / � G77a 0 0 0 0 2 1
25/35 IHF - Lrp � - � G33b / � G77b 0 1 0 0 2 0
26/36 IHF - Lrp � Lrp � G31a / � G71a 0 1 0 0 2 1

Markov model to analyze the expression of Type 1 pili [1].
Their phase variation network model, shown in Figure 1,
included �ve species:FimB , FimE, IHF , Lrp � , andLrp. The
Wolf and Arkin model assumes that the con�guration of the
�m switch can be described by 36 states based on how the
molecules of �ve species involved are bound to the switch
DNA as shown in Table I.

Their model is then described by the master equation for
the �m switch based on these 36 possible states as:

dP(on; t)
dt

= f (1 � P(on; t)) � gP(on; t)

with

f =

P

s 2 OFF � s exp( � � G s
RT )[IHF] n s [FimE] j s [FimB] k s [Lrp � ]m s [Lrp] l s

1 +
P

s 2 OFF exp( � � G s
RT )[IHF] n s [FimE] j s [FimB] k s [Lrp � ]m s [Lrp] l s

and

g =

P

s 2 ON � s exp( � � G s
RT )[IHF] n s [FimE] j s [FimB] k s [Lrp � ]m s [Lrp] l s

1 +
P

s 2 ON exp( � � G s
RT )[IHF] n s [FimE] j s [FimB] k s [Lrp � ]m s [Lrp] l s

where P(on; t) is the probability that the switch is in the
ON position at timet. This model is used to infer qualitative
information about the system. For example, they are able to
answer questions such as why the network has two recombi-
nases, and how the�m network architecture determines that the
environment is at37 � C and responds by increasing switching
rates and the piliation level of the population.

III. O UR FULL PHASE VARIATION MODEL

Our model uses the same master equation as Wolf and
Arkin's model to specify the con�guration of the DNA switch
region with most parameter values derived from [1]. Our
model, however, uses a lower-level quantitative reaction-based
abstraction which models reaction-level molecular processes
that largely satisfy the Markovian requirement of the SSA.

The model is constructed by �rst reverse-engineering the
underlying reactions from the equilibrium statistical thermo-
dynamics model that describes the probability of each switch
DNA con�guration shown in Table I. This is accomplished
using the hypothesis that the binding and unbinding reactions
are much more rapid as compared to the associated switching
or gene expression rates [20]. Thus, from the standard free en-
ergy relationship,� G = � RT ln (kf =kr ), the corresponding
binding and unbinding reactions are estimated using a rapid
unbinding rate constant of1:0s� 1.

For example, the reaction-based model for switch state 6
is reverse-engineered as shown in Figure 2. In this graphical
representation, a reaction that is connected to a species with a
double arrow is a shorthand to show a reversible reaction, and
species connected to a reaction with letters,r, p, andm are a
reactant, product, and modi�er1 for that reaction, respectively.
In this reaction scheme, the new speciesP�m represents
the open binding sites, whileS6 corresponds to the bound
con�guration where one molecule ofIHF binds toPIHF , one
molecule ofFimE binds toPFimE , and one molecule ofLrp
binds to each of the threeLrp binding sites (notice thatLrp �

and Lrp represent the same species in our model). In other
words, S6 could be thought of as the switching dynamics
analog of theclosed complexcon�guration in transcription
modeling. The association and dissociation rate constantsfor
binding are deduced fromks6=k� s6 = exp( � � G31b=RT).
The switching rate� 11b is adjusted to appropriate units (from
(=cell=min) to (s� 1)) and used as the rate constant in the
reaction for the switch to move to the OFF position when the
DNA-protein complex is in state 6.

1In this paper, a modi�er is a species which is neither produced nor
consumed by a reaction.
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Fig. 3. Reaction-level model sub-network ofFimB andFimE regulation.

The effect of H-NS is included by introducing produc-
tion reactions forFimB and FimE. Since the quantitative
knowledge of the production reactions ofFimB andFimE is
insuf�cient and the parameter values are not known, our model
uses the mechanism as well as the parameter values which are
consistent with our knowledge of the network. For example,
it was shown that a differential modulation from a decrease
in H-NS concentration and/or activity leads to a decrease in
[FimE]=[FimB] ratio [1]. The FimB and FimE production
mechanism as shown in Figure 3 captures this qualitative
relationship.P1 is the promoter site for�mB and P2 is the
promoter site for�mE. H-NS can also bind to the promoter
sites. When the promoter is occupied byH-NS, RNAP cannot
attach to the promoter site, and transcription is repressed. The
effect of H-NS is much stronger in transcription of�mB than
in that of �mE. Hence, an increase in concentration ofH-NS
leads to an increase in[FimE]=[FimB] ratio. The parameter
values in the production mechanism are set as shown in
Table II.

Our model also includes degradation reactions forFimB
andFimE. The degradation rate constants are chosen so that
the changes of the concentrations of the two recombinases are

TABLE II

PARAMETER VALUES OF THE PRODUCTION REACTION SCHEME INFIG 3.

Parameter Value

k1 1:0 (nMs) � 1

k � 1 1:0 (s)� 1

k2 10:0 (nMs) � 1

k � 2 1:0 (s)� 1

k3 10:0 (nMs) � 1

k � 3 1:0 (s)� 1

k4 0:01 (nMs) � 1

k � 4 1:0 (s)� 1

k5 0:4367 (s)� 1

k6 0:10033 (s)� 1 if the switch is on
0:0 (s)� 1 otherwise

small over time in an ODE simulation given that the initial
concentrations of the recombinases are100nM and the initial
concentration ofH-NS is 10nM. Hence, in a Monte Carlo
simulation, the concentration ofFimB tends to signi�cantly
decrease over time if[H-NS] >> 10nM while it tends to
signi�cantly increase over time if[H-NS] << 10nM, provided
that the initial concentration ofFimB is 100nM. Therefore, the
characteristics of the ratio[FimE]=[FimB] can be controlled
by adjusting the initial concentration ofH-NS.

The goal of our analysis is to determine the effect ofH-NS
andLrp on the ON-to-OFF switching probability. Our model
is simulated for 20,000 runs using the optimized SSA for each
combination of[H-NS]0 and[Lrp] 0 where the range of[Lrp] 0
is chosen to be from0nM to 20nM with increment of2nM
and [H-NS]0 is allowed to be chosen from0nM and100nM.
Each simulation starts with the switch in the ON position and
is run for up to one cell generation. If the switch moves to
the OFF position at least once, then the simulation is counted
as an ON-to-OFF switching event. The ON-to-OFF switching
probability is calculated by the number of the ON-to-OFF
switching events divided by the total number of simulations
with the same initial condition. We assume thatE. coli is a
cylinder 2� m long and1� m in cross sectional diameter, and
that the cell volume is �xed for each simulation.

Our full phase variation model contains31 species and52
irreversible reactions, and is encoded in SBML format [21].
The simulations of this model take 11.3 hours on a 3GHz
Pentium4 with 1GB of memory. Figure 4 shows the changes of
the computed ON-to-OFF switching probability as a function
of Lrp concentration at different levels ofH-NS.

Our results are consistent with those obtained by Wolf and
Arkin [1] and, in turn, with the empirical observations. In par-
ticular, their analysis showed that the ratio of[FimE]=[FimB]
is crucial to the switching probability in that, when the ratio
is low (i.e. when[H-NS] is low in our model), the switching
probability gets lower, and when the ratio is higher (i.e. when
[H-NS] is high), the switching probability gets higher. This
H-NS mechanism can be seen in our result as well. Fur-
thermore, our results capture the phenotype tuning motif [1],
whereby at intermediate concentrationsLrp activates, while at
high levels it inhibits switching.
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Fig. 4. Regulation of the ON-to-OFF�m switching probability byH-NS
andLrp .

IV. M ODEL REDUCTION

Though our full model allows for a more detailed descrip-
tion of the network, such a low-level abstraction leads to
substantial computational costs for analysis. Thus, goingto a
higher-level representation and abstracting away dynamically
insigni�cant reactions or species to reduce the complexityof
the system can help make our analysis more ef�cient. For ex-
ample, thequasi-steady-state approximation(QSSA) has long
been carried out to reduce the complexity of biochemical net-
works. Although this type of reduction has traditionally been
done manually, this practice gets increasingly more tedious
as the size of the network increases, eventually rendering it
intractable and potentially leading to signi�cant errors in large
model transformations. Our abstraction tool alleviates these
problems by automatically and systematically testing network
patterns and characteristics to determine which abstraction
methods are applicable.

Using this approach, our phase variation model can be
transformed into a simpli�ed (“reduced”) model using our
automatic abstraction tool to allow for a more ef�cient analysis
of the switching probability. The abstraction tool (outlined in
Figure 5) begins with a model composed of a set of chemical
reactions which could be simulated using SSA or one of its
variants though at a substantial computational cost. To reduce
the cost of analysis, the abstraction tool simpli�es the original
model by applying several abstraction methods that, among
others, leverage QSSA and the rapid equilibrium assump-
tion [22]. The result is a new, higher-level abstracted model
with less reactions and species which substantially lowersthe
cost of stochastic analysis. Even though this transformation
may cause our stochastic model to be non-Markovian, the
simpli�ed model still captures the large scale system behavior,
such as the ON-to-OFF switching probability in our phase
variation system, so that the trade-off of accuracy and speed
is found to be desirable.

With our tool, all the reverse-engineered reactions are �rst
abstracted (reduced) to more simpli�ed reactions. For example,

Original
Model

//

@A
//

Abstraction
Methods

//Abstracted
Model

BC
ooStochastic

Analysis

��
Results

Fig. 5. Automated model abstraction tool �ow.

FimB

m
UUUUUUUUUUUUUUUUUU FimE

m

i i i i i i i i i i i i i i i i i i

� 11 b
k s 6

k � s 6
[IHF] 0 [FimE][Lrp] 3

0

1+
P

s 2 ON exp( � � G s
RT )[IHF] n s

0 [FimE] j s [FimB] k s [Lrp] m s + l s
0

p

��
switch

Fig. 6. Reduced model reaction of the switch inversion through state 6.

the reaction scheme for the switch state 6 as shown in Figure 2
is reduced to the reaction scheme shown in Figure 6 by
applying the rapid equilibrium approximation. After applying
these abstractions, the tool �nds that the values ofIHS andLrp
do not change over time. Thus, in this transformed reaction,
IHS and Lrp are replaced with constants whose values are
set to the corresponding initial concentrations. The production
reaction scheme ofFimB andFimE is also reduced as shown
in Figure 7 by assuming that bindings and unbindings of
promoter sites are rapid. After applying model reduction, the
original model is transformed to a model with 3 species,
(FimB , FimE, and switch) and 5 reactions (production and
degradation reactions forFimB andFimE shown in Figure 7
and the combined ON-to-OFF switching reaction).

In order to compare the reduced abstracted model with
the original model, we have performed the same number
of simulations using the same simulator. Figure 8 shows
the results from the simpli�ed model. The results are in
close agreement with the results from our original model.
However, the computational gains from the model abstraction
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Fig. 7. Reduced reaction-level sub-network ofFimB andFimE regulation.
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Fig. 8. Regulation of the ON-to-OFF�m switching probability byH-NS
andLrp . Comparison of the reduced and full model results.

are signi�cant. The abstract model simulations only take 1.0
hour which is a speed-up of about 11 times compared with
the runtime of the original model.

V. FINITE STATE SPACE GENERATION

While the simpli�ed model contains signi�cantly less
species and reactions, the state space of the model is still
in�nite. In order to make the state space �nite, the upper limit
of each molecular count could be speci�ed. To enforce an
upper molecular count limit, the abstraction tool can insert
an arti�cial reaction. For example, to limit the upper molec-
ular count ofFimB to 300, the tool may insert a reaction:
300 FimB ! 299 FimB, with a very high reaction rate. With
this reaction inserted in our model, whenever the number of
FimB molecules reaches300 in a Monte Carlo simulation,
the above reaction �res at a very high probability before
the production reaction ofFimB �res again. Consequently,
the FimB count decreases to299, and it gives an arti�cial
upper limit of FimB molecules of300. One could also use
other techniques to specify the upper limit of each molecular
count. For example, mass conservation conditions may be
explicitly inserted, thus also eliminating some of the species.
Alternatively, to limit the upper molecular count ofFimB
to 300, our abstraction tool could make the reaction rate
function of FimB production piecewise with the expression:
zero reaction rate when theFimB count is at least300.

Suppose the upper limits of the molecular counts of both
FimB and FimE are chosen to be300. The state space of
the model is still very large with a state count of 181,202
(90,601 for the states with switch ON and another 90,601
for switch OFF). To reduce the state space further without
lowering the molecular count upper limits, the abstraction
tool can increase the stoichiometry ofFimB and FimE in
their production and degradation reactions. For example, if
the stoichiometry ofFimB in its production and degradation
reactions are ampli�ed from 1 to 10 as shown in Figure 9,
and if the arti�cial reaction to specify the upper limit of the
FimB count is300 FimB ! 290 FimB, then the number of

1
10

k 5
k 1

k � 1
[RNAP] 0

1+
k 1

k � 1
[RNAP] 0 +

k 2
k � 2

[H-NS] 0

10p

��
FimB

10r
��

1
10 kd 1 [FimB]

Fig. 9. Reduced FimB reactions with ampli�ed stoichiometry.
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distinct values that theFimB counts can take decreases from
301 to 31 given the initial count ofFimB is a multiple of 10
and at most300.

If the possible number of states for theFimB count is
reduced to 31 with this method, the state space of the model
is reduced to 1,922. The computational cost of the stochas-
tic simulation is signi�cantly reduced by this stoichiometry
ampli�cation as well since the kinetic laws of the production
and degradation reactions are reduced by the factor of the
stoichiometry ampli�ed. The entire simulation of this �nite-
state model with stoichiometry of 10 takes only 14 minutes.

Notably, this method allows the degree of abstraction to be
controlled at various levels by using the stoichiometry ampli-
�er as a smoothing parameter. Thus, to reduce the state space
as well as the simulation time even further, a more aggressive
stoichiometry ampli�cation can be used. For example, if the
stoichiometry ofFimB andFimE are ampli�ed to 30, then the
state space can decrease to only 242. Furthermore, the entire
simulation of this reduced state-space model only takes 5
minutes which is a speed-up of more than 135 times compared
with the runtime of the original model. Figure 10 shows the
comparison of the results from these two �nite-state modelsat
different levels of abstraction compared with the results from
the full model.



VI. CONCLUSIONS

In this work, we have constructed a model of Type 1 pili
phase variation inE. coli and have analyzed the response
of the ON-to-OFF switching probability to the changes in
the concentrations of the two global regulators,H-NS and
Lrp . Our results quantify how the switching probability is
in�uenced by those two regulators and con�rm that the pattern
is consistent with those expected empirically and analytically
from [1]. Furthermore, we have demonstrated how the models
with various levels of abstraction (as automatically generated
by our method) can be used to obtain the results that agree with
those of the original model, while also producing performance
increases of up to two orders of magnitude without signi�cant
losses in accuracy.
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