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Abstract. Embedded systems are composedof a heterogeneouscollec-
tion of digital, analog, and mixed-signal hardware components. This pa-
per presents a method for the veri�cation of systemscomposedof such a
variety of components. This method utilizes a new model, timed hybrid
Petri nets (THPN), to model these circuits. In particular, this paper de-
scribes an e�cien t, approximate algorithm to �nd the reachable states
of a THPN model. Using this state space,desired properties speci�ed in
ACTL are veri�ed. To demonstrate these methodologies, a few hybrid
automata benchmarks, a tunnel diode oscillator, and a phase-locked loop
are modeled and analyzed using THPNs.

1 In tro duction

Embeddedsystemsare pervasive in today's society and are often usedin safety
critical situations. Therefore, veri�cation of embeddedsystemsis of extreme im-
portance. The veri�cation of embeddedsystemsis complicated by the fact that
these systemsare typically a hybrid of both digital hardware and physical sys-
tems (such as sensors,actuators, and plants) which are analog or mixed-signal
by nature. While there hasbeensubstantial successin recent yearsin the formal
veri�cation of the digital components, there hasbeenrelatively little research in
the formal veri�cation of analog and mixed-signal components. In analog and
mixed-signal circuits, the state spaceoften includesseveral continuousvariables,
such as voltages and currents, which must be tracked. These continuous vari-
ables make the state spaceextremely large and even more di�cult to analyze
than purely discrete systems.Therefore, the major goal of this work is to de-
velop e�cien t, approximate modeling and analysis techniques that are capable
of preserving the behavior necessaryto verify correctness.

Recently , there have been attempts to develop methods to formally verify
analog circuits [1{8]. Much of this work comes from Hartong, Hedrich, and
Barke. In their work, they divide the continuous state spaceinto regionswhich
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are represented in a Boolean manner. From this decomposition, they create a
transition relation by selectingtest points in each region to determine reachable
next states. This Boolean abstraction allows them to perform model checking
using standard Boolean based approaches. While a promising approach, this
technique losessigni�can t accuracy in the abstraction to a Boolean model.

Our previous work on verifying digital circuits utilizes time/timed Petri net
models to represent the circuit's behavior [9,10]. In order to model analog and
mixed-signal circuits, this paper intro ducesthe timed hybrid Petri net (THPN)
which supports continuousvariables to represent currents and voltages.Alterna-
tiv ely, hybrid automata models [11{13] could be used,and the analysismethods
presented in this paper could certainly be adapted to a classof hybrid automata
models, if desired.

Analog circuits are traditionally represented usingdi�eren tial equations.This
paper, therefore,presents a method to translate di�eren tial equation modelsinto
THPNs with the goal of minimizing the sizeof the models. While e�cien t sim-
ulation methods exist for systemsof di�eren tial equations, these methods only
produce results from a single initial condition and assumedeterministic behav-
ior. THPNs are capable of modeling systemsover a range of initial conditions
and over all possiblenon-deterministically chosenruns of the system.

To verify properties about the given systems,reachabilit y analysis must be
performedon the THPN. Many di�eren t methods for reachabilit y of hybrid mod-
els have beenproposed[11{19]. Our method adapts a zonebasedalgorithm [10]
to perform the reachabilit y analysis of the THPN model. Although reachabilit y
on THPNs is certainly undecidable[12,20] and to achieve e�ciency our analysis
method is conservative, our preliminary studies indicate that our method can be
accurateenoughin practice. This is demonstratedby the analysisof a few hybrid
automata benchmarks, a tunnel diode oscillator, and a model of a phase-locked
loop (PLL).

2 Timed Hybrid Petri Nets

Recently , various extensionsto Petri nets have beenproposedto develop hybrid
Petri nets [15,21{23]. The THPN model that weproposeto usefor verifying ana-
log and mixed-signal circuits is most similar to the Hybrid Net Condition/Ev ent
System Model proposedby Chen et. al [15] though with both limitations and
extensions.This sectionintro ducesa discretePetri net, followed by a continuous
Petri net, and �nally how they can be composedto form THPNs.

A discrete Petri net is a tuple Nd = hPd ; Td ; Fd ; m0i such that:

Pd : is a �nite set of discrete places;
Td : is a �nite set of discrete transitions;
Fd � (Pd � Td ) [ (Td � Pd ) is the 
o w relation;
m0 � Pd is the set of initially marked places.

Graphically, discrete placesare depicted as circles, discrete transitions as solid
boxes, and markings as solid circles (seeplace pi1 and transition Vin+ in the
THPN for the PLL shown in Fig. 1 where pi1 is initially marked).
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Fig. 1. THPN model for a PLL (unlab eled edgeshave [0,0] delay).

A continuous Petri net is a tuple Nc = hPc; Tc; Fc; R; X 0i such that:

Pc : is a �nite set of continuous places;
Tc : is a �nite set of continuous transitions;
Fc � (Pc � Tc) [ (Tc � Pc) is the 
o w relation;
R : Tc ! Q is the 
o w rate of transitions;
X 0 : Pc ! (f�1g [ Q) � (Q [ f1g ) assignsa range of initial marking values

to the continuous variables (x0l (p); x0u (p)).

Note that Q denotes rational numbers. Also, X 0 is a range allowing uncer-
tainty in the initial value of the continuous variables. This is one sourceof non-
determinism in the THPN model. Graphically, continuous places are depicted
as double circles, continuous transitions are depicted as empty boxes, and each
continuous transition is annotated with its 
o w rate (see continuous place v1
and continuous transition d1 with rate 1 in Fig. 1).

Using the above de�nitions, a timed hybrid Petri net (THPN) can now be
de�ned as a tuple Nh = hNd ; Nc; Fh ; B ; D ; Ai such that:

Nd : is a discrete Petri net as de�ned previously;
Nc : is a continuous Petri net as de�ned previously;
Fh � (Pc � Td) [ (Pd � Tc) [ (Td � Pc) is the 
o w relation betweenthe discrete

Petri net and the continuous Petri net;
B : (Pc � Td) ! (f�1g [ Q) � (Q[ f1g ) assignsa predicate [bl (p; t); bu (p; t)] to

arcs from continuous placesto discrete transitions where bl (p; t) � bu (p; t);
D : ((Pd [ Pc) � Td) ! Q+ � (Q+ [ f1g ) assignsa delay [dl (p; t); du (p; t)] to

each arc betweena place and a discrete transition where dl (p; t) � du (p; t).
A : (Td � Pc) ! (f�1g [ Q) � (Q [ f1g ) speci�es an assignment value

[al (t; p); au (t; p)] on arcs from discrete transitions to continuous places.
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Note that Q+ are the non-negative rationals. Also, B , D , and A are only de�ned
for arcs speci�ed in the corresponding 
o w relation. Arcs added to the THPN
by the 
o w relation Fh are denoted with dashedlines. An arc from a continuous
place to a discrete transition is annotated with a predicate and a boundeddelay
assignment. Arcs from a discrete place to a discrete transition are also anno-
tated with a bounded delay assignment. An arc from a discrete transition to a
continuous place is annotated with a variable assignment. Arcs from continuous
transitions to discrete placesare not allowed sincethey do not appear useful.

The state of a THPN is de�ned using a 3-tuple of the form hm; x; ci where:

m � Pd is the set of currently marked discrete places;
x : Pc ! (Q [ f�1 ; 1g ) is the current marking of the continuous places;
c : ((Pc [ Pd ) � Td ) ! (Q+ [ f1g ) is the current clock value of each arc.

A clock is associated with each arc to a discretetransition to denotehow long the
enabling condition on that arc hasbeensatis�ed (i.e., a discreteplaceassociated
with the clock becomesmarkedor the predicate for a continuousplaceassociated
with the clock becomestrue). This clock is initialized to zero when its enabling
condition becomestrue, and all active clocks are advancedin lockstep.

A discrete transition, t 2 Td , is discretely enabled when all discrete places
in its preset are marked (i.e., 8(p; t) 2 Fd : p 2 m). A discrete transition t is
enabled when it is discretely enabledand all predicatesin its presetare true (i.e.,
8(p; t) 2 Fh : (bl (p; t) � x(p) � bu (p; t))). A discrete transition t is �r eablewhen
it is enabled and all clocks in its preset have reached or exceededtheir lower
bound (i.e., 8(p; t) 2 Fd [ Fh : c(p; t) � dl (p; t)). A discrete transition t must
�r e when it is �reable and all clocks in its preset have reached or exceededtheir
upper bound (i.e., 8(p; t) 2 Fd [ Fh : c(p; t) � du (p; t)).

A continuous transition, t 2 Tc, is enabled when all discrete places in its
preset are marked. When enabled, continuous transitions �re continuously at
their speci�ed rate. The velocity of a continuous transition is de�ned as follows:

v(t; m) =
�

R(t) if 8(p; t) 2 Fh : p 2 m
0 otherwise

To calculate the instantaneous rate of changeof a continuous place for a given
marking, _x(p;m), the velocities of the outgoing transitions are subtracted from
the sum of the velocities of the incoming transitions. This is de�ned as follows:

_x(p;m) =
X

( t;p )2 F c

v(t; m) �
X

(p;t )2 F c

v(t; m)

The state of a THPN can change by the �ring of a discrete transition or
the advancement of some amount of time � which is less than � max (de�ned
below). If t is a �reable discrete transition in the state hm; x; ci , the �ring of
t updates the discrete marking by removing tokens from the discrete placesin
the preset of t and placing tokens into the discrete places in the postset of t
(i.e., m = m � f p0j(p0; t) 2 Fdg + f p0j(t; p0) 2 Fdg). Clocks in the postset of t
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are also initialized to 0. Finally, all continuous places,p, in the postset of t are
assigneda new range of values given by A(t; p). If � time units can advance in
the state hm; x; ci (i.e., � � � max ), the advancement of � time units updates
the continuousvalue of tokensin all continuousplacesby the amount consistent
with the current rate of change(i.e., � � _x(p;m)). Sincethe advancement of time
may have causedsomepredicatesto becometrue, the corresponding clocks need
to be updated to re
ect the amount of time in which theseconditions have been
true. Finally, all other clocks are incremented by the time � .

The maximum time advancement, � max , is limited to the amount of time that
can advancebefore a discrete transition must �re. A �reable discrete transition
must �re whenall of the clocks in its presethave reached their upper bounds.For
a discretely enabledtransition, t 2 Td , there are �v e possiblecasesin which this
can occur. The �rst is that a clock c(p; t), where p is a discrete place, is the last
one to expire (i.e., reach its time limit). This occurs after du (p; t) � c(p; t) time
units have elapsed.The next four caseshave to do with clocks associated with
continuousplacesin the presetof t. When its predicate is satis�ed (i.e., bl (p; t) �
x(p) � bu (p; t)) such a clock is active, and this is again simply du (p; t) � c(p; t)
time units. When such a clock is not active, we must �rst calculate how long
before it becomesactive and add to this the upper bound of the timing delay
for this clock. When a continuous place is increasing in value (i.e., _x(p;m) > 0)
and it is below its lower bound (i.e., x(p) < bl (p; t)), the clock becomesactive
after (bl (p; t) � x(p))=_x(p;m) time units and expiresdu (p; t) time units after that.
A similar time limit can be derived when the place is decreasingin value (i.e.,
_x(p;m) < 0) and it is above its upper bound (i.e., x(p) > bu (p; t)). The �nal
caseis when an increasing place is above its upper bound or decreasingplace
is below its lower bound. In this case,no amount of time can make this clock
becomeactive, so the time limit is in�nite.

Figure 2 shows a block diagram for a PLL. A PLL operatesby accepting an
input frequency (Vin ) for comparison to the oscillator frequency (Vosc) in the
phasedetector. It generatesthe signal up when Vin is leading Voscwhich results
in the VCO control voltage (Vctrl ) being increasedto increasethe frequencyof
Vosc. Similarly, if Vin is lagging Vosc, Vctrl is decreased.This is a mixed-signal
circuit becausethe signals Vin , Vosc, up, and down are digital while Vctrl is
analog. The THPN model is composedof three parts. The left portion of Fig. 1
generatesa square input wave (Vin ) with period 1000 with some jitter. The
center portion is the phase detector which compares the arrival time of Vin
and Vosc to determine whether up or down should go high. The right portion
models the VCO using continuousplacesto control the frequencyof Vosc. When
v1 becomesempty, Vosc rises enabling d2 by marking the discrete place in its
preset. When v2 is empty, Vosc falls enabling d1. The continuous transitions
inc and dec adjust the contents of the continuous placesby adding continuous
tokens to v2 and removing them from v1, respectively. This e�ectiv ely adjusts
the frequency of Vosc over a continuous range. The initial frequency of Vosc
is determined by the initial value of v1 and v2. The PLL adjusts Vosc until it
matchesthe frequencyand phaseof Vin .



6

Vin

Vosc

Vctrl

up

down

VCO

Detector
Phase Low Pass

Filter

Fig. 2. Block diagram for a PLL.

ydyu

xu

xd

dy

dx

y

x

x1

y1

x<x1

x>=x1

y>=y1

y<y1

px

py

y

x

Fig. 3. Representing di�eren tial equations using THPNs.

3 Mo deling Di�eren tial Equations

Analog circuits are typically modeled using di�eren tial equations. This section
describeshow di�eren tial equationscan be represented using THPNs. Variables
in THPNs can only changeat constant rates. Therefore, to analyzemore compli-
cated systems,the continuousoperating rangesmust be decomposedinto regions
in which the rate of changeis assumedto be constant. Any discretization method
with the goalof minimizing the resulting number of regionsmay beutilized; how-
ever, to generatea THPN, regionsmust be rectangular in shape and have only a
singleneighboring region on each side in each dimension.We usea discretization
approach similar to that proposedin [6,7].

After decomposingthe continuousdomain into regions,a THPN is generated
asshown in Figure 3. This �gure shows the region where0 � x � x1 and 0 � y �
y1. Each region is modeled by two continuous transitions which feedcontinuous
placesx and y and areenabledby a discreteplacein each dimension.Within each
region, x and y can increaseor decreaseby constant rates. Discrete transitions in
each dimensionallow transitions into new regionswhen x and y increasebeyond
or decreasebelow region boundaries. Each region has a corresponding THPN
representation resulting in a net that approximates the surface.
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4 Reachabilit y Analysis

The state spaceof THPNs is in�nite in that each of the clocks and continuous
places can take on any real value. Therefore, to perform reachabilit y analysis
on THPNs, it is necessaryto represent the in�nite state spaceusing a method
that groups the in�nite number of states into equivalenceclasses.Many meth-
ods developed for timed models utilize convex polygons, or zones, to represent
rangesof clock values that have equivalent behavior [24,10,9]. These methods
usea di�er ence bound matrix (DBM) to represent thesepolygonse�cien tly . We
proposeto use DBMs to represent sets of states of THPNs by including both
the clock values and the values of the continuous placesin the DBM. Each set
of states is represented with the tuple s = hm; dbm;val; ci ; cf i where:

m � Pd is the set of marked discrete places;
dbm : ((Pd � Td) [ (Pc � Td) [ Pc [ f p0g)� ((Pd � Td) [ (Pc � Td) [ Pc [ f p0g) ! Q is

a zonecomposedof active clocks, active continuous variables, and p0 which
is always 0;

val : Pc ! (Q [ f�1 ; 1g ) � (Q [ f�1 ; 1g ): the set of inactive continuous
variables (i.e., _x(p;m) = 0) and their corresponding values;

ci � (Pc � Td) is the set of clocks between continuous places and discrete
transitions that have beenintro duced since the last changein direction;

cf � (Pd � Td) [ (Pc � Td) is the set of clocks that have �red (i.e., clocks for
which timing no longer needsto be tracked).

In the presentation of the algorithms, we usethe notation (p; t) 2 dbm to deter-
mine if the function dbm is de�ned for the clock c(p; t) (i.e., c(p; t) is an active
clock). Similarly, p 2 dbm is usedto determine if a continuousvariable is de�ned
in the dbm (i.e., active). In the initial state set, m = m0, dbm includesall active
clocks c(p; t) (i.e., p 2 m0 or p 2 Pc and bl (p; t) � x0l � bu (p; t)) and active
continuous variables x(p) (i.e., _x(p;m) 6= 0), val includes all inactive variables,
ci = f (p; t)j(p; t) 2 Fh ^ (p; t) 2 dbmg, and cf = ; .

A new zonebasedalgorithm for reachabilit y analysis of THPNs is shown in
Fig. 4. The algorithm is essentially a depth �rst search of the state space.It
beginsby constructing the initial state set and adding it to the set of reachable
states, S. The remainder of this section describesthis algorithm in more detail.

4.1 Finding Possible Ev ents

The algorithm shown in Fig. 5 determines all possible events that can result
in a new state set and sorts them into a set of sets where each individual set
represents a group of events that must occur simultaneously. There are three
types of possibleevents: clock �ring, clock intro duction, and clock deletion. A
clock c(p; t) can �re if it is in the dbm and can reach its lower bound, dl (p; t).
A clock c(p; t) can be intro duced into the dbm if p is a continuous variable,
and it can increaseabove its lower bound, bl (p; t), or decreasebelow its upper
bound, bu(p; t). The set ci is checked to prevent clocks from being intro duced
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reac h()
s = initial state set(), S = f sg, done = false
E = find possible events( s)
while ( : done)

e = select( E )
if ( E � f eg 6= ; ) then push ( s, E � f eg)
s0 = do events( s, e)
if ( s0 62S) then

S = S [ f s0g, s = s0

E = find possible events( s)
else

if (stack not empty) then ( s; E ) = pop()
else done = true

return S

Fig. 4. Reachabilit y analysis algorithm for THPNs.

�nd possible events ( hm; dbm;val; ci ; cf i )
E = ;
foreac h (p; t) 2 dbm

if ( dbm[(p; t)][p0 ] � dl (p; t)) then
E = add set item (E ; (p; t); f ir e)

foreac h p 2 dbm
foreac h (p; t) 2 Fh

if (( p; t) 62dbm ^ (p; t) 62cf ) then
if ((( _x(p; m) > 0) ^ (dbm[p][p0 ] � bl (p; t)=_x(p;m)) ^

(� dbm[p0][p] � bl (p; t)=_x(p; m))) _
(( _x(p; m) < 0) ^ (dbm[p][p0 ] � bu (p; t)=_x(p;m)) ^
(� dbm[p0][p] � bu (p; t)=_x(p; m))) ^ ((p; t) 62ci )) then
E = add set item (E ; (p; t); intr o clk)

else
if ((( _x(p; m) > 0) ^ (dbm[p][p0 ] � bu (p; t)=_x(p;m)) ^ (bu (p; t) < 1 ))_

(( _x(p; m) < 0) ^ (dbm[p][p0 ] � bl (p; t)=_x(p; m)) ^ (bl (p; t) > 0))) then
E = add set item (E ; (p; t); del clk)

return E

Fig. 5. Algorithm for �nding sets of possible events.

multiple times without a changein direction on the given variable. A clock c(p; t)
can be deleted from the dbm if p is a continuous variable, and it can increase
above its upper bound, bu(p; t), or decreasebelow its lower bound, bl (p; t). For
each new event found, the function add set item determinesthe set in which to
place this event. In other words, it determineswhich events it must occur with
simultaneously.



9

4.2 State Up dates

After �nding all possibleevents, the top level algorithm selectsonepossibleevent
set, and pushesthe current state set and all remaining event setsonto the stack.
It then executesthis event set to derive a successorstate set. If the successor
state set is a new state set, it addsit to the list of state sets,assignsthe new state
set to the current state set, and �nds all possiblenext events. If the successor
state set is not a new state set and the stack is not empty, it pops an entry o�
the stack. If the stack is empty, the algorithm terminates and returns the set of
reachable state sets. Due to the continuous variables, the state spacemay not
be �nite in which casethis algorithm doesnot terminate.

The algorithm for performing a setof events is shown in Fig. 6. This algorithm
�rst restricts the dbm to allow enoughtime to advancesuch that each event in
the event set can occur. It then recanonicalizesthe zoneusing Floyd's all-pairs
shortest path algorithm. Next, it removes the clocks from the dbm that have
�red and places them in the set of �red clocks, cf . If all clocks in the preset
of a transition have �red then a transition can �re which updates the state as
described below. The dbm is then updated to add any newly intro duced clocks
and remove any deleted clocks. Next, advance time is called to determine the
maximum time advancement that is possiblewithout skipping any events. This
function initially sets the maximum value, dbm[(p; t)][p0], for each clock in the
zoneto the upper bound of the clock, du (p; t). The remainder of advance time
determines the maximum value of each continuous variable, dbm[p][p0]. If the
variable is increasingand its value is below the lower bound for a givenpredicate,
it must not be allowed to advancebeyond the predicate value until the clock for
that arc is addedto the zone.If it is above the lower bound and below the upper
bound for somepredicate, it must not be allowed to exceedthe upper bound on
that predicate until the corresponding clock has been removed from the zone.
Finally, if it is above the upper bound on the predicate, the continuous variable
can be unbounded. When the continuous variable is decreasing,the algorithm
is similar except it approachesthe upper bound from above and should not be
allowed below the upper bound until the clock is intro duced, below the lower
bound until the clock is removed, and is allowed to reach negative in�nit y if it
is below the lower bound. Finally, the zone is recanonicalizedagain.

The algorithm to �re a transition is shown in Fig. 7. The �ring of a transition
t results in the marking being updated to remove tokensfrom all discrete places
in the preset and add tokens to all discrete placesin the postset of t. All �red
clocks on discrete placesin the preset of t are removed from cf along with any
that con
ict with the �ring transition. Next, the algorithm performs a variable
assignment on each continuous place in the postset of the �ring transition. This
may result in a change in the predicate values on some arcs requiring some
clocks to be intro duced or deleted. The algorithm next adds a new clock to the
dbm for each clock in the postset of t. The �ring of a transition may change
which continuous variables are active and their rates of change.The algorithm
adds newly activated variables to the zone while it removes newly deactivated
variables. Finally, the zoneis warped to re
ect the new rates of change.
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do events ( hm; dbm;val; ci ; cf i , a)
dbm = restrict( dbm, a)
dbm = recanonicalize( dbm)
(dbm;cf ) = fire clocks( dbm, cf , a);
if ( 9t:8(p0; t ) 2 Fd [ Fh :(p0; t ) 2 cf ) then

hm; dbm;val; ci ; cf i = fire transition( hm; dbm;val; ci ; cf i , t )
(dbm;ci ; cf ) = intro del clocks( dbm;ci ; cf ; a)
dbm = advance time( dbm;ci ; cf )
dbm = recanonicalize( dbm)
return hm; dbm;val; ci ; cf i

Fig. 6. Algorithm to perform a set of events.

�re transition ( hm; dbm;val; ci ; cf i , t )
m0 = m � f p0j(p0; t ) 2 Fd g + f p0j(t; p0) 2 Fd g
foreac h (p0; t ) 2 Fd

foreac h (p0; t0) 2 Fd

cf = cf � f (p0; t0)g
dbm = dbmremove(dbm, (p0; t0))

foreac h (t; p0):p0 2 Pc

dbm = dbmremove(dbm, p0)
val[p0] = (vl ; vu )
(dbm;ci ; cf ) = update dbm(dbm;val; ci ; cf )

foreac h (t; p0) 2 Fd

foreac h (p0; t0) 2 Fd

dbm = dbmadd(dbm, (p0; t0), (0; 0))
foreac h p0 2 Pc

if ( _x(p0; m0) 6= 0 ^ p0 62dbm) then
(dbm;val) = dbmadd(dbm, p0, val[p0])
ci = update ci ( m; m0; dbm;ci ; p0; val[p0])
(dbm;val) = recanonicalize( dbm)
val = val remove(dbm, val, p0)

else if ( _x(p0; m0) = 0 ^ p0 2 dbm) then
if ( _x(p0; m) < 0) then swap(dbm[p0 ][p], dbm[p][p0 ])
val[p0] = (dbm[p0 ][p0]; dbm[p0][p0 ]) � j _x(p0; m)j
dbm = dbmremove(dbm, p0)

(dbm;ci ) = dbmwarp(m; m0; dbm;ci )
return hm0; dbm;val; ci ; cf i

Fig. 7. Algorithm for �ring a transition.
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4.3 W arping the Zone

The state setsof a THPN cannot be represented directly by zones.Zonesrequire
that all dimensionsadvanceat rate one. In other words, the zonealways evolves
along 45 degreelines. While clocks always advance with rate one, continuous
variables may increaseor decreasewith other rates. Therefore, this section pro-
posesthe following new approximation approach which is key to our e�cien t and
yet accurate reachabilit y analysis. In this approach, when a variable advances
with a rate other than one, the zone is warped in this dimension such that it
advanceswith rate one. For example, if _x(p;m) = 2, the variable x(p) must be
replaced with 1

2 � x(p) which does advance with rate one. This, however, has
the e�ect of warping the zone as shown with the darker polygon in Fig. 8(a).
The dbm, however, can only be usedto represent polygonsmadewith 45 and 90
degreeangles.Therefore, this zone must be encapsulatedin a larger zone (the
lighter gray box in Fig. 8(a)) that includes this zone while using only 45 and
90 degreeangles.The algorithm for warping a dbm is shown in Fig. 9. The �rst
part of the algorithm performs the warping and encapsulation just described.
The third loop is used when a rate is negative which requires a more compli-
cated encapsulation. In this case,the zonemust also be re
ected along the axis
into the negative domain. This is accomplishedby �rst swapping the minimum
and maximum entries in the zone. In the resulting zone, all 45 degreeangles
become225 degreeangleswhich cannot be represented. This can be seenin the
darker box shown in Fig. 8(b). To addressthis problem, we must encapsulate
the zonein a box by setting all separationsin the corresponding row and column
to in�nit y. The lighter gray zoneis the result of the encapsulation.

5 Exp erimen tal Results

The analysismethod has beenautomated within the ATACStool [25], and it has
beenapplied to several examples.The �rst example is the PLL model shown in
Fig. 1. Our analysis�nds all reachable statesof this THPN model in 6.9 seconds
represented using 1012zones.3

3 All results are obtained on a 1.7GHz Pentium M computer with 1 GB of memory.
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dbm warp ( m; m0; dbm;ci )
foreac h f i; j gji 2 dbm;j 2 dbm;i 6= j

if ( j _x(i; m)=_x(i; m0)j > j _x(j; m)=_x(j; m0)j) then
dbm[i ][j ] = ( _x(j; m) � dbm[i ][j ])=_x(j; m0)+

(� 1 � _x(j; m) � dbm[i ][0])=_x(j; m0) + ( _x(i; m) � dbm[i ][0])=_x(i; m0)
dbm[j ][i ] = ( _x(j; m) � dbm[j ][i ])=_x(j; m0)+

(� 1 � _x(j; m) � dbm[0][i ])=_x(j; m0) + ( _x(i; m) � dbm[0][i ])=_x(i; m0)
else

dbm[j ][i ] = ( _x(i; m) � dbm[j ][i ])=_x(i; m0)+
(� 1 � _x(i; m) � dbm[j ][0])=_x(i; m0) + ( _x(j; m) � dbm[j ][0])=_x(j; m0)

dbm[i ][j ] = ( _x(i; m) � dbm[i ][j ])=_x(i; m0)+
(� 1 � _x(i; m) � dbm[0][j ])=_x(i; m0) + ( _x(j; m) � dbm[0][j ])=_x(j; m0)

foreac h p 2 dbm ^ p 2 Pc

dbm[p0][p] = j _x(p; m)=_x(p; m0)j � dbm[p0 ][p]
dbm[p][p0 ] = j _x(p; m)=_x(p; m0)j � dbm[p][p0 ]

foreac h p 2 dbm ^ p 2 Pc

if ( _x(p; m)=_x(p; m0) < 0) then
ci = ci � f (p; t)j(p; t) 2 Fh ^ : active( dbm;p; t) g
swap(dbm[p0 ][p], dbm[p][p0 ])
foreac h i 2 dbm

if ( p 6= i ^ i 6= p0) then
dbm[i ][p] = dbm[p][i ] = 1

recanonicalize( dbm)
return (dbm;ci )

Fig. 9. Algorithm for warping the dbm.

Table 1 shows our veri�cation results. The �rst half of the table are small
benchmark examples from the HyTech distribution. We automatically trans-
lated the provided hybrid automata models into THPN models. These results
show that our veri�cation results agreewith HyTech's in comparable runtime.
Unfortunately , the larger benchmark examples include features not currently
supported by our tool such as rangeson the rates.

The secondhalf of the table are versionsof the tunnel diode oscillator shown
in Fig. 10 [7]. The numerical parameters used for this example are from [8].
The goal of veri�cation is to ensure that I l oscillates for speci�c circuit pa-
rameters and initial conditions. The ACTL property to verify is (AG(AF (I l �
0:3mA))) ^ (AG(AF (I l � 0:7mA))). The inequalities on the continuousvariables
are modeled in the net by adding Boolean variables to the net which are true
when the inequalities hold. This circuit can be described with two di�eren tial
equations:

dVc
dt

=
1
C

(� h(V c) + I l )

dI l
dt

=
1
L

(� V c � R � I l + V in )
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Table 1. Benchmark veri�cation results.

ATACS HyT ech
Example ZonesRuntime(s) Veri�es? Runtime(s) Veri�es?

Water controller 29 0.03 Yes 0.07 Yes
Temp controller 45 0.05 Yes 0.12 Yes
Billiards 140 0.09 Yes 0.14 Yes

Diode osc (high precision) 2321 2.34 Yes over
o w N/A
Diode noosc (high precision) 2529 2.41 No over
o w N/A
Diode osc (low precision) 44 0.04 No 9.5 No
Diode noosc (low precision) 35 0.06 No 13.7 No

VcVin

R L

C

Il

Fig. 10. Tunnel diode oscillator circuit (Vin=0.3v, L=1 � H, and C=1pF).

where h is a piecewisemodel of the tunnel diode behavior:

h(Vd ) =

8
<

:

6:0105V3
d � 0:9917V2

d + 0:0545Vd 0 � Vd � 0:055
0:0692V3

d � 0:0421V2
d + 0:004Vd + 8:95794� 10� 4 0:055� Vd � 0:35

0:2634V3
d � 0:2765V2

d + 0:0968Vd � 0:0112 0:35 � Vd � 0:50

The systemis modeledusing our di�eren tial equation discretization method.
Sixteen discrete regions are required to model the oscillatory/non-oscillatory
behavior of the circuit resulting in a THPN with 14 places,49 transitions, 144
arcs,and 32 unique rates with up to 3 digits of precision.The property is veri�ed
for a range of initial conditions in which I l is between0.4 to 0.5mA and V c is
between 0.4 and 0.47V. As expected, the property veri�es with R = 200
 in
2.34safter �nding 2321zones,and the property did not verify with R = 242

in 2.41safter �nding 2529 zones.We also attempted this veri�cation using the
HyTech tool [14], but it is unable to complete due to arithmetic over
o w errors.
HyTech can complete analysiswith lessprecision on the rates, but the model of
the circuit no longer producesoscillation. Therefore, the veri�cation results are
incorrect. Though runtimes are not reported for the Booleanmapping approach
in [7], we believe our analysis method is competitiv e in runtime, and that it is
more accurate since the continuous variables are modeled explicitly .
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6 Conclusions and Future Work

This paper intro duces THPNs, a new hybrid Petri net model capable of rep-
resenting systems composed of a mixture of digital and analog components.
THPNs allow modeling of continuous values such as voltage and current while
still being able to model discrete events. This paper also presents a method
for representing a discretized di�eren tial equation model as a THPN. Finally,
it developsan e�cien t reachabilit y analysis algorithm for formal veri�cation of
analog and mixed-signal designsmodeled as THPNs. Our analysis method is
basedon DBMs and relies on warping, a new way of manipulating a DBM to
encapsulatebehavior of continuousvariableswith di�ering rates. The model and
analysismethod are demonstratedby modeling and verifying relevant properties
of several benchmark examplesincluding a tunnel-diode oscillator circuit and a
PLL circuit. Future work includes further investigation of automatic generation
of THPNs from system speci�cations. We also plan to extend the capabilities
of analysis to support more features such as rangeson the rates of continuous
transitions. Finally, we plan to develop abstraction and partial order methods
to reducethe sizeof the state space.
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